BIFURCATIONS FROM NONDEGENERATE FAMILIES OF 

PERIODIC SOLUTIONS 
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Abstract. By a nondegenerate /c-parameterized family K of periodic solutions 
we understand the situation when the geometric multiplicity of the multiplier +1 
of the linearized on K system equals to k. Bifurcation of asymptotically stable 
periodic solutions from K is well studied in the literature and different conditions 
have been proposed depending on whether the algebraic multiplicity of +1 is k 
or not (by Malkin, Loud, Melnikov, Yagasaki). In this paper we assume that 
the later is unknown. Asymptotic stability can not be understood in this case, 
but we demonstrate that the information about uniqueness of periodic solutions 
is still available. Moreover, we show that differentiability of the right hand sides 
is not necessary for the results of this kind and our theorems are proven under 
a kind of Lipschitz continuity. 



1. Introduction 

In [21] Malkin studied the bifurcation of T-periodic solutions in the n-dimensional 
T-periodic systems of the form 

(1.1) X = f{t,x) + eg{t,x,e), 

where both functions / and g are sufficiently smooth. It is assumed in [21j that the 
unperturbed system (namely (11.11) with e = 0) has a family of T-periodic solutions, 
denoted x{-,^{h)), whose initial conditions are given by a smooth function ^ : M'^ 
M", h I— i> C,{h). In these settings the adjoint linearized differential system 

(1.2) u = -{Df{t,x{t,ahm*u 

has k linearly independent T-periodic solutions Ui{-, h), . . . ,Uk{-, h) and the geo- 
metric multiplicity of the multiplier +1 of (ll.2p is, therefore, k. Assuming that the 
algebraic multiplicity of +1 is A; either, Malkin proved [21] that if the bifurcation 
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function 



M{h) = J 



T ( (Mi(r,/i),(?(r,a;(r,e(/i)),0)) 




\ {uk{T,h),g{T,x{T,i{h)),{))) 



has a simple zero /iq G M'^, then for any £ > sufficiently small system (11. 11) has 
a unique T-periodic solution such that ^^(O) C,{ho) as £ ^ 0. Here simple 
zero means that M(/io) = and the Jacobian determinant of M at is nonzero. 
As usual (■, ■) denotes the inner product in M". Moreover, Malkin related the 
asymptotic stability of the solution with the eigenvalues of the Jacobian matrix 
DM (ho). The same result has been proved independently by Loud [20] . 

Malkin's result has been developed by Kopnin [15] and Loud [20] who stud- 
ied the case when the zero Hq of M is not necessary simple and both authors 
obtained conditions for the existence, uniqueness and asymptotic stability of the 
T-periodic solution x^ of fll.ll) satisfying Xe(0) — » C,{ho) as e ^ 0. Other improve- 
ments suppress the smoothness requirement for g and are due to Feckan [TT] and 
Kamenskii-Makarenkov-Nistri [13], but only the existence and the calculation of 
the topological index of solutions Xe of (11 .ip has been considered. 

The analysis of the situation when the algebraic multiplicity of +1 is goes 
back to Melnikov [22] and stability for simple and singular zeros ho of M has been 
achieved by Yagasaki [23] . 

In this paper (Theorems 2 and 3 below are our main results) we only assume 
that (II. 2p has k linearly independent T-periodic solutions (i.e. the geometric mul- 
tiplicity of the multiplier +1 of (II. 2p is k. Also, we neither assume that the zero 
Hq of M is simple, nor that g is differentiable. More precisely, we assume that 
in a small neighborhood of the topological degree of M is nonzero and that 
M is a so-called dilating mapping, while for g we assume that it is Lipschitz and 
"piecewise differentiable" in a suitable sense. Both assumptions are explicit and 
weaker than the Malkin's ones. Note that one of the conditions for g, denoted 
below by (A9), has its roots in [5l [6l [7]. On the other hand we do not obtain as- 
ymptotic stability of the T-periodic solution x^ of (ll.ip but we prove its existence 
and uniqueness, in particular we prove that it is isolated. In order to study the 
asymptotic stability one can eventually use a result of Kolesov's [14] . This result 
is a generalization of the Lyapunov linearization stability criterium for Lipschitz 
systems and it requires the isolateness of the T-periodic solution Xe- 

In order to prove our main result we need to generalize the Lyapunov-Schmidt 
reduction method (see [8]) for the case of nonsmooth finite dimensional functions. 
The application of the generalized Lyapunov-Schmidt reduction method for prov- 
ing Theorem 2 is done by following the ideas of [4]. 

The paper is organized as follows. In the next section we summarize our no- 
tations. In Section [3] we generalize the Lyapunov-Schmidt reduction method for 
nonsmooth finite dimensional functions. In Section H] we prove Theorem 2 and the 
main result of the paper. Theorem [31 An application of this theorem is done in 
Section [51 
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2. Notations 

The following notations will be used throughout this paper. 
Let n,m,k eN, k <n, i eNU {0}. 

We denote the projection onto the first k coordinates by vr : R" R^, and the 
one onto the last n — k coordinates by tt-*- : R*^ — > R"~^. 

We denote by Inxn the identity nxn matrix, while 0„xm denotes the null nxm 
matrix. 

For a.n n X n matrix A we denote by A* the adjoint of A, that in the case the 
matrix is real reduces to the transpose. 

We consider a norm in R" denoted by || ■ ||. Let be an n x real matrix. Then 
||\E'|| denotes the operator norm, i.e. H^'H = supn^n^]^ II ^^11- 

Let ,^ G R" and Z C compact, then we denote by p{C,, Z) = min^g^ \\(, — Cll 
the distance between ^ and Z. 

For 6 > and z G R'^ the ball in R" centered in z of radius 6 will be denoted by 
Bs{z). _ _ 

For a subset W C R" we denote by int(W), U and coU its interior, closure and 
closure of the convex hull, respectively. 

We denote by C*(R",R™') the set of all continuous and i times continuously 
differentiable functions from R" into R"*. 

Let T G C°(R",R") be a function that does not have zeros on the boundary of 
some open bounded set U C R'^. Then d{T,U) denotes the Brouwer topological 
degree of JF on W (see [3j or |TH1 Ch. 1, § 3]). 

For G Ci(R", R™), DJ" denotes the Jacobian matrix of J^. If R" = R'^ x R"-'^ 
and a G R*',/? G R""'^, then DaJ^{-,j3) denotes the Jacobian matrix of JF(-,/3). 

For JF G C^(R",R), HJ^ denotes the Hessian matrix of JF, i.e. the Jacobian 
matrix of the gradient of T. 

Let 5 > be sufficiently small. With o{5) we denote a function of variable 5 
such that o{5)/5 — as 5 — 0, while 0{5) denotes a function of 5 such that 
0{5)/5 is bounded as 5 ^ 0. Here the functions o and O can depend also on other 
variables, but the above properties hold uniformly when these variables lie in a 
fixed bounded region. 

We say that the function Q : R" x R™ R™ is locally uniformly Lipschitz with 
respect to its first variable if for each compact K G MP x M."^ there exists L > 
such that ||Q(2;i, A) — Q{z2, A)|| < L\\zi — Z2\\ for all {zi, A), {z2, A) G K. 

For any Lebesgue measurable set M C [0, T] we denote by mes(M) the Lebesgue 
measure of M. 

3. Lyapunov-Schmidt reduction method for nonsmooth finite 

dimensional functions 

If the continuously differentiable function P : R" ^ R" vanishes on some set 
Z C R", then sufficient conditions for the existence of zeros near Z of the perturbed 
function 



(3.3) 



F{z, e) = P{z) + eQ{z, e), z G R", e > small enough 
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can be expressed in terms of the restrictions to Z of the functions z ^ DP{z) 
and z I— >■ Q{z, 0). Roughly speaking, this is what is known in the hterature as the 
Lyapunov-Schmidt reduction method, as it is presented for instance in [8l |^ or 
[TBI §24.8]. In these references it is assumed that Q is a continuously different iable 
function. We show in this section that this last assumption can be weaken. The 
following theorem is the main result of this section and generalizes a theorem of 

ID- 
Theorem 1. Let P G C^(M",M"), let Q G C°(M" x [0, 1],M") be locally uniformly 
Lipschitz with respect to its first variable, and let F : M" x [0, 1] be given by 

f l3.3l) . Assume that P satisfies the following hypotheses. 

(Al) There exist an invertible n x n matrix S, an open ball V C with k < n, 
and a function Pq G C^(y,'R"-~'') such that P vanishes on the set Z = 
a 




(A2) For any z G Z the matrix DP{z)S has in its upper right corner the null 
kx (n — k) matrix and in the lower right corner the {n~k)x{n — k) matrix 
A{z) with det {/^{z)) ^ 0. 

For any a & V we define 

(3.4) O(„) = .o(s(^^^j).o). 

Then the following statements hold. 

(CI) For any sequences {Zm)m>i from M" and (£m)m>i from [0, 1] such that z^ 
zq & Z, Em as m oo and F{z^,em) = for any m > 1, we have 
Q{TiS~^_z^) = {). 

(C2) If Q -.V ^M}' IS such that Q{a) ^ for all a e dV and d (Q, v) ^ 0, 
then there exists Ei > sufficiently small such that for each e G (0, ei] there 
exists at least one z^ G with Fi^z^., e) = and p{Zf;, Z) ^ as e ^ 0. 

In addition we assume that there exists Oq & V such that Q(q;o) = 0, Q{a) ^ for 
all a E V \ {ao} and d (Q, ^ 0, and we denote zq = Sy ^ ] ■ Moreover 



we also assume: 



(A3) P is twice differentiable in the points of Z, and for each i G l,k and z E Z 

the Hessian matrix HPi{z) is symmetric. 
(A4) There exists Si > and > such that 

\\Q{ai) - Q{a2)\\ > L^\\ai - a2\\ for all ai, 02 G Bs^iao). 
(A5) For 6 > sufficiently small we have that 

WttQ {zi + C,e)- TcQ (21, 0) - 7iQ {z2 + C,e) + tcQ {z2, 0) || < 
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for all zi, Z2 e Bs{zo) n Z, e e [0, 6] and ( G Bs{0). 

Then the following conclusion holds. 

(C3) There exists ^2 > such that for each e G (0,£:i] there is exactly one 
z^ G Bs.^{zq) with F{ze,e) = 0. Moreover z^ ^ zq as e ^ 0. 

We note that a map that satisfy (A4) is usually called dilating map (cf. [Ij). 
For proving Theorem[T]we shall use the following version of the Implicit Function 
Theorem. 

Lemma 1. Let P G C\W, W) and let Q G C^{W x [0, 1], W) be locally uniformly 
Lipschitz with respect to its first variable. Assume that P satisfies the hypotheses 
(Al) and (A2) of Theorem Ui Then there exist 6o > 0, Eq > and a function 
^ : F X [0, Eq] such that 

(C4) ir^F (^S =0 for all a eV and e G [0, eo] . 

(C5) /3{a,e) = /3o{a) + efi{a,e) where fi : V x (0,eo] M""^ is bounded. More- 
over for any a eV and e G [0,£:o]; /^(o^;^) is the only zero of 

ir-^F ^ in Bsg{f3o{a)) and [3 is continuous in V x [0,£:o]- 

In addition if P is twice differentiable in the points of Z, then 

(C6) there exists > such that \\fi{ai,e) — fi{a2,e)\\ < Lf^\\ai — a2\\ for all 
«i, «2 £ V and e G (0, Sq]. 

Proof. (C4) Let F : R'^ x W"-^ x [0, 1] W be defined by 

and let P, Q and A be defined in a similar way. Now the assumptions (Al) and 
(A2) become P(a,/5o(Q;)) = and, respectively, the matrix Z}P(a, /3o(a)) has in 
its upper right corner the null k x [n — k) matrix and in the lower right corner the 
{n — k) X [n — k) invertible matrix A(a,/?o(«)) for any a eV. Then 

F{a, /5o(a), 0) = for any a E V, 

and 

(3.5) det (P>^ (vr^P) {a, Po{a), 0)) = det (A(a, /5o(a))) ^ for any a eV. 
It follows from (13.51) that there exists a radius 6 > such that 



(3.6) 7r^P(a, l3,0)^0 for any f3 G Bs{po{a))\ {/?o(a)} , a G 1/. 
The relations (13. 5p and (13.61) give (see [HI Theorem 6.3]) 

d{7i^F{a, -, 0), BsiPoia))) = sign (det(A(a, /?o(a))) ^0, a G F. 
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Hence, by the continuity of the topological degree with respect to parameters (using 
the compactness of V) there exists e{6) > such that 

rf(7r^F(a, -, e), Bs{Poia))) ^ for any e G [0, £{5)], a eV. 

This assures the existence of P{a,£) E Bs{PQ{a)) such that conclusion (C4) holds 
with 6o = S and Eq = £{So). 

Without loss of generality we can consider in the sequel that e{S) ^ as S ^ 0. 
The value of the radius S eventually may decrease in a finite number of steps during 
this proof (consequently, also the value of £{S)). Sometimes we decrease only the 
value of £{S), letting 6 maintaining its value. Without explicitly mentioning it, 
finally, in the statement of the lemma, we replace by the least value of the 
radius 6 and Eq by e{6). 

(C5) Since P and Pq are and V is bounded, there exists r] > such that the 
invertible matrix A defined by (A2) satisfies ||A(a,/3o(a))|| > 27] for all a E V. 
Using again that P is and A(a,/5o(a)) = D/s (j^'^P^ {(^,l3o{c()) , we obtain that 
the radius 6 > found before at (C4) can be decreased, if necessary, in such a way 
that \ \A{a,Po{a))-Df3 (vr^P) {a,P)\\<ri for all /3 G Bs iPo{a)) and a G V. Then 
\\D/^ (j^'^P^ {<^,(3)\\ > 7] for all /9 G Bs{f3o{a)), a e V. Applying the generalized 

Mean Value Theorem (see P, Proposition 2.6.5]) to the function 7T^P{a,-), we 
obtain 

(3.7) ||7r^P(^,A)-7r^P(^,/32)|| >r/||/3i-/32||, f3,, f]^ e Bsif3o{a)), a eV. 

We take Mq > such that \\Q{a, (3{a,e),e)\\ < Mq for all a G F and e G [0,£o]- 
Using 03.71) we obtain for all a G and e G [0, £{5)] 

= \\'K^P{a,f3{a,e)) -'K^P{a,(3o{a)) +e'K^Q{a,f]{a,e),e)\\ 
> ri\\P{a,e)-Po{a)\\-eMQ. 

From these last relations, denoting m = Mq/t], we deduce that 

(3.8) \\fi{a,6)\\ <7n for all a G F, e G (0, e(5)]. 
We choose Lq > such that 

(3.9) \\Q{a2,f32,e)-Q{auPue)\\<LQ{\\a,-a^\\ + \\P2-m) , 

for all Pi, P2 £ PsoiPoi^))' ai,a2 E V,e & [0, eo]- We decrease 5 > in such a way 
that 7] — sLq > for any e G [0, e{6)]. 

Let a E V, e E [0,e{6)] and assume that P{(y,e) and P2 are two zeros of 

TT-^F ^S" ^ ^ , in Bs{f3Q{a)). Taking into account (13. 7p and (13.91) . we obtain 

= I |7r^P(a, /?2) -7r^P(a, /?(«,£)) + 

eir-^Qia, l32,e) - e7r-^Q{a, l3{a,e),e)\\ 
> {7]-eLQ)\\P2-P{a,e)\\. 
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Since rj — sLq > for any e G [0, e{5)] we deduce from this last relation that 
and [3{a,e) must coincide. 

We prove in the sequel the continuity of the function /3 : V^x [0, e{5)] W^^^. Let 
(«!, El) eV X [0, e{5)] be fixed and (a, e) eV x [0, e{5)] be in a small neighborhood 
of {ai.si). Consider Lp > such that \\P{ai, (3) — P{a, (3)\\ < Lp\\ai — a|| for 
all G V and {3 G i?5Q(/5o(V^)). We diminish e{5) > 0, if necessary, and we 

consider a so close to ai that /3(a;,£) G i?5(/?o(«i))- Then using (13. 7p and (13. 9p we 
obtain 

= ||7r-^P(ai,/3(ai,£:i)) - 7r-^P(a,/3(a,£:)) + 

£i7r-^Q(ai,/3(ai,ei),£:i) - £:7r-^(5(a,/3(a,£),£)|| 
> r]\\P{ai,ei) - P{a,e)\ \ - Lp||ai - a|| - 

WeiTT-^Qlai, f3{ai,ei),ei) - e-n-^Qia, I3{a,e),e)\\ 

and 

-\\ei7T^Q{ai, l3{ai,ei),ei) - e7T^Q{a, l3{a,e),e)\\ 
> -eiLqWai - £:iLq| £1) - p{a,e)\\ - 

\\ei7r-^Q{a, l3{a,e),ei) - eTT-^Q{a, l3{a,e),e)\\. 
Combining these last two relations we obtain 

{t] - eiLQ)\\/3{ai,ei) - /3{a,e)\\ < {Lp + eiLQ)\\ai - a\\ + 
\\ei7r-^Q{a, l3{a,e),ei) - eTT-^Q{a, l3{a,e),e)\\ , 
from where it follows easily that P{a,e) P{ai,ei) when {a,e) 

(C6) We define = 7r^P(a, /3o(a) + ioi all a G F and ^ G M"-^ From 

(13.71) we have that 

(3.10) - <f(«,6)ll > ^116-611 for all « G F, 6,6 G 5^(0). 

Since P(a,/3o(Q;)) = for all a G l^, we have that $(0;,,^) = 7i^P{a, l3o{a) + ~ 
Ti^Pi^a, Po{a)) and that 



Da^a,0 = D^{TT^P){a,Poia)+0-Da[n^P)ia,(3o{a)) + 

Dfs (tt^p) (a,/3o(a) +0 " (^^^) (a,/5o(«))] I^/3o(«). 

From this expression, using that P is twice differentiable in {a,Po{a)) and Pq is 
C^, we obtain for some L$ > that the radius S can be eventually decreased in a 
such way that 

||D„$(a,OII < for all « G F, e e 5^(0). 

Hence using the Mean Value Inequality we have 

(3.11) ||$(ai,0 - $(«2,0II < ^.^ll^ll ■ ll«i - «2|| for all ai,a2 G F, ^ e 5^(0). 
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Now we use (13.101) with ,^1 = efi{ai, e), (,2 = £fJ'{o:2, e) diminishing e{6), if necessary, 
in order that ^i,C,2 G -85(0) for all ai,a2 G V and e G {0,e{6)]. Using also (C5), 
and fl3.11l) we obtain 



(3.12) >r^||^,_^2||-^*||6l|-||«i-«2|| 

> rie\\fi{ai,e) — fi{a2,e)\\ — L^me\\ai — a2\\ , 

for all ai, 0^2 G V and e G (0, e{6)]. Also using (13. 9p we have 

/g \\7i^Q{ai,P{ai,e),e) - 7r^Q{a2, Pia2,e),e)\\ < 

< eLQ\\jj,{ai,e) - iJ,{a2,e)\\ + Lq{1 + Lfj^^)\\ai - a2\\ , 

for all ai,a2 E V and e G (0, s{6)], where L^^ is the Lipschitz constant of /3o in V. 
By definition of P{a,e) we have 7i-^P{ai, P{ai,e)) + en-^Q^ai, P{ai,e),e) = for 
i G T^. Using (13T2I1 and (l37[3|l we obtain 

> e[?7 - eLq] ■ ||/i(ai,e) - /i(a2,^)|| - e[L^m + Lq{1 + L^J] ■ ||ai - a2\\ , 

for all ai,a2 G and e G (0,£(5)]. Therefore /i : x (0,^(5)] — > M""'' satisfies 
(C6) with = [L$m + L(3(l + L/3(,)]/[77 — £:(5)Lq]. Hence all the conclusions hold 
with So = S and £0 = ^{S)- 

□ 

We remark that (C4) and the uniqueness part of (C5) can be obtained by means 
of the Lipschitz generalization of the Inverse Function Theorem (see e.g. (TB| 
Theorem 5.3.8]), but we provide a different proof because the inequalities (13.71) 
and (13.81) are used for proving the rest of (C5) and (C6). 

Proof of Theorem [1]. Let Sq, Eq, P{a,e) and fi{a,e) be as in Lemma [TJ We 
consider the notations F, P and Q like in the proof of Lemma [H 

(CI) Let the sequences {zm)m>i from M" and (£rn)m>i from [0, 1] be such that 
Zm ^ zq & Z, Em ^ as m ^ 00 and F{zm,£m) = for any m > 1. We 
define ao G M.^, the sequences {am)m>i from M.^ and {Pm)m>i from M"^'^ by zq = 

S i ?° \ I and Zm = S i |. Then we have that an = lim am, Poiao) = 

lim 3m and there exists mo G N such that dm G BsniPoictm)) and Em G [0,£ol for 

m^oo 

all m > mg. Therefore, since F{zm,£m) = 0, Lemma [T] implies Pm = /?(«m,£^m) for 
any m > rjiQ. Since 7rP(am, /3o = and D/3(7rP)(am, /3o(ctm)) = 0, we obtain 

that lim — nPiam, Piotm, ^m)) = 0. Hence 

1 

from where (CI) follows. 







lim - 


— 7rF( 


rra— >oo 








lim 


— ttP 


m— >oo 
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(C2) Using (C4) of Lemma [1], we note that it is enough to prove the existence 
of at least one zero in V of the function a i— 7iF{a, P{a,e),e) for each e G (0,£:i] 
where ei with < ei < Eq has to be found. This will follow from the claim that 
the Brouwer topological degree ,e),e), 7^ for e G (0,£i]. Now we 

prove this claim. Since /9(a,£) = Poict) + with fi : V x {0,eo] W"-~^ a 

bounded function, it P {a, j3o{a)) = and D/3(7rP)(a, /3o(a)) = 0, we have 

\im-7iP(a, p(a,e)) = 0. 



Therefore 

Qia). 



lim -7iF(a, p(a, e),e) = lim 



-nP^a, P{a, e)) + rrQi^a, P{a, e),e) 



Using the continuity of the Brouwer degree with respect to the parameter e, and 
taking into account that, by hypothesis, d{Q,V) ^ 0, for each e G (0,ei] there 
exists £i > sufficiently small such that 

Hence the claim is proved. Then for each e G (0, £1] there exists such that 

7rF(Q;£, e), e) = and, moreover, using also (C4) of Lemma [1], we have that 

e), £:) = 0. Denoting = ^ we have that F{zi;,e) = 0. 

From the definitions of and Z, and the continuity of f3, it follows easily that 
p{zi;, — > as £ ^ 0. 

(C3) Since ao G is an isolated zero of Q, applying the topological degree 
arguments like in (C2) for V that shrinks to {ao}, we obtain the existence of 
such that — s> ao as £ ^ 0, and nF^ae, e),e) = for any e G (0, ei]. Hence 

= S i r,,^'^ \ I and zn = S\ ^ ?° \ I G ^ are such that Fiz^.e) = and 
\^ P{ae,€) J \ po{ao) J ^ ^ 

Zir ^ zq a.s e 0. 

In order to prove that z,, is the unique zero of F{-,e) in a neighborhood of zq, 
we define 

ri(a, e) = ^nP{a, /?(«, e)), r2{a, e) = ivQ^a, P{a, e),e) - nQ{a, /?o(«), 0), 

for all q; G and e G (0,£:i], and we study the Lipschitz properties with respect 
to a of these two functions. 

Since P(a,/3o(a)) = for all a G l^, by taking the derivative with respect to a 
we obtain 

(3.14) (nP) (a, /3o(a)) + Dfs (nP) (a, Po{a))Dpo{a) = for all a eV. 
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Assumption (A2) assures that Z^^ (^-^) {(^j f^oi'^)) = a E V. Taking the 

derivative with respect to a, we have 



(3.15) Dp^ [TTPj {a,(3o{a)) + (vrPj {a , (3o{a)) D f3o{a) = for any aeV. 

For any a e V and ^ e W"-^'' we define $(q;,0 = T^P^a, Po^a) + ^). Taking into 
account the relations fl3.14p and fl3.15p and that, by hypothesis (A3) we have that 

DjSa (^-P) (q^?/^o(«)) = -Da/3 (^-^) {'^^Po{<^))^ obtain 



/}„$(«, = (7rPj(a,/3o(a) +0 + ^/3 (^^j(«,/5o(«) + 0^/5o(a)- 
Da (ttP) (a,/3o(a)) - (vrP) («, /?o(«))^/?o(«) - 
(ttP) (a,/5o(a))e - D^f, (ttP) (a, /5o(a))D/3o(a)e 



From this last equality, using that Da y^Pj ^^^^ respectively. Dp [j^Pj are differ- 

entiable at (a, (3o{a)), we deduce that Da^{a, ^) = o{^) for all a G and ^ G M'^"*' 
with 1 1^1 1 sufficiently small. Hence the mean value inequality assures that 

||<l>(ai,0 - '^'(«2,0II < c>(OI|ai - a2\\ for all ai,a2 G F. 

In the last inequahty we replace ^ = efi{ai,e) (where /i is given by Lemma [T]). We 
use that P'^$(a,0) = DpTiP^a, Po{a)) = for any a eV, and that is Lipschitz 
with respect to a G V. Then we obtain, considering that ei is small enough, for 
all e G (0,ei] 

I |$(q;i, efi{ai, e)) — $(0:2, sii{a2, e))\ \ < o{e)\\ai — 02! I for all ai, 0^2 G V. 

Now coming back to our notations and recalling that [3{a,e) = Po{a) + e^{a,e), 
we obtain for e G (0, £1] 

(3.16) ||'"i(ai,£^) — ''"i(tt25£^)|| < -^||cn — tt2|| for all ai, 0:2 G 

We will prove that a similar relation holds for the function r2. First we note 
that the hypothesis (A5) and the fact that Q is locally uniformly Lipschitz with 
respect to the first variable imply that 



(3.17) 



\nQ {zi + Ci, e) - ttQ (zi, 0) - nQ {z^ + C2, e) + vrQ {z^, 0) || < 



5 



Zi - Z2\\+ Lq\\(i - C2I 



for all ^1,2:2 G 55(^0) n Z, e e [0,6] and (1,(2 e Bs{0). We diminish 5i > 
given in (A4) and ei > in such a way that 61 < 6, ei < S, S ^ ^ '^^^ ^ G 

^5(^0) and S i ^1^^^^^^ 1 ^ -^5(0) ^.ny a G Bs^{ao), e G (0,ei]. Replacing 
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Zi = S i ^ \ ) , = "S* ( ^''^^ N ) , 2 G 1, 2 in (13.171) we obtain that 
\ Poyoii) J \ efi{ai,ej J 

\\r2{ai,e) - r2{a2,e)\\ < 

< {\\ai - aall + Po("i) - PoMW) + eLQ\\fi{ai,6) - fi{a2,e)\\ , 

for all ai,a2 G ^^^(ao) and e G (0,£:i]. By hypothesis, /3o is in V and, by 
Lemma d] (conclusion (C6)), {a,e) t— > fi{a,e) is Lipschitz with respect to a G 
(with a Lipschitz constant that does not depend on e). Hence for Si,ei < 6 small 
enough, 

o( 

(3.18) ||r2(ai,£:) - r2(a2,£:)|| < - "2!!, tti,a2 G ^^^(ao), e G {0,ei]. 



Therefore we have proved that ri and r2 satisfy the Lipschitz conditions (13.161) 
and, respectively, (13.181) . In what follows we define some constant 62 > 0, and 
after we prove that it is the one that satisfies the requirements of (C3). 

We diminish (5i > in such a way that there exists ^3 > such that ^3 < 60 and 
BssiPoicio)) C n Bsg{Po{ci))- We choose ^2 > so small that S'^^Bs^izo)) C 

-B<5i(tto) X Bs3{Po{ao)). We diminish ei > 0, if necessary, such that z^ G Bs^izo) 
for any e G (0, £1]. For any e G (0, £1] we claim that 2;^ is the only zero of F{-,e) in 
Bs^izo)- Assume by contradiction that there exists 62 G (0,ei] such that z,.^ and 
Z2 are two different zeros of F{-,e2) in Bs-^izo). Denoting a2 = nS^^Z2 and P2 = 
7!-^S''^Z2 we have that P2 G BsQ{Po{a2)). By (C5) of Lemma [H since P2 is a zero 

of ir-^F ^S' ^ ^ ,£2^ (using the notations introduced before, 7r-'-F(a2, ■5^2)), we 

must have that P2 = /?(«2,£^2)- Therefore and 0:2 are two different zeros of 
7rF(-, /?(■, £2)5 £^2) in -B5i(tto)- We have the identity 

-TiFia, p(a, e),e) = Q(a) + ri(a, e) + r2(a, e) for all a G e G (0, ei]. 

e 

We denote r(a, e) = ri(a;, e) +r2(a;, e). Then assumption (A4), properties (13.161) 
and fl3.18p give 

= \\Q{ae^)-Q{a2) + r{ae^,e2)-r{a2,e2)\\ > {L- -0(62)/ 62-0(6) /6)\\as2-a2\\- 

Since 61 > and 6 > are sufficiently small and < 62 < ei, the constant 
(L^ — o(£:2)/£^2 — o(5)/5) must be positive and, consequently, and 0:2 must 
coincide. Hence also z^^ and 2:2 must coincide and we conclude the proof. 

□ 



12 



ADRIANA BUICA, JAUME LLIBRE AND OLEG MAKARENKOV 



4. A GENERALIZATION OF MALKIN'S RESULT ON THE EXISTENCE OF 
T-PERIODIC SOLUTIONS FOR T-PERIODICALLY PERTURBED DIFFERENTIAL 
EQUATIONS WHEN THE PERTURBATION IS NONSMOOTH 

In this section we consider the problem of existence and uniqueness of T-periodic 
solutions for the T-periodic differential system 

(4.19) x = f{t,x)+egit,x,e), 

where / e C2(MxM",M'^) and ^ G C°(R x x [0, 1],M") are T-periodic in the first 
variable and g is locally uniformly Lipschitz with respect to its second variable. 
For 2; G M" we denote by x{-,z,e) the solution of fl4.19p such that x{0,z,e) = z. 
We consider the situation when the unperturbed system 

(4.20) x = f{t,x), 

has a non-degenerate (in a sense that will be precised below) family of T-periodic 
solutions. The main tool for the proof of our main result is Theorem [H We will 
show that the assumptions of Theorem [1] can be expressed in terms of the function 
g and of the solutions of the linear differential system 

(4.21) y = DJ{t,x{t,z,0))y. 

Indeed we have the following theorem, which generalizes a related result by Roseau 
and improves it with the uniqueness of the periodic solution. The above mentioned 
result by Roseau is proved in a shorter way in Here we will use the same main 
ideas from P] to prove the next result. 

Theorem 2. Assume that f G C^{R x M",R") and g G C°(R x x [0,1], R") 
are T-periodic in the first variable, and that g is locally uniformly Lipschitz with 
respect to the second variable. Suppose that the unperturbed system fl4.20p satisfies 
the following conditions. 

(A6) There exist an invertible n x n real matrix S , an open ball V G 'R'^ with 
k < n, and a function I3q : V ^ such that any point of the set 

Z = U \s \ \ W is the initial condition of a T-periodic solution of 



(A7) For each z E Z there exists a fundamental matrix solution V(-, z) of ^^^21) 



such that ***F(0, z) is with respect to z and *** such that the matrix 
(y^^(0, z) — Y^^{T, z)) S has in the upper right corner the null k x [n — k) 
matrix, while in the lower right corner has the {n — k) x [n — k) matrix 
A{z) with det{A{z)) ^ 0. 

We define the function G : V — R'^' by 

Gia) - f (<. S ( S ( ) , o) . o) A. 

Then the following statements hold. 
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(C7) For any sequences {(pm)m>i from C°(M, M") and {em)m>i from [0,1] such 
that V5m(0) zq E Z , Em —* as m ^ oo and is a T-periodic solution 
of f l4.19p with e = Em for any m > 1, we have that G{nS~^zo) = 0. 

(C8) // G{a) 7^ for any a G dV and d{G, V) ^ 0, then there exists ei > 
sufficiently small such that for each e G (0, £i] there is at least one T- 
periodic solution ips of system ( I4.19p such that p(v9e(0), — > as e ^ 0. 

In addition we assume that there exists ao E V such that G{ao) = 0, G{a) ^ for 

all a E V \ {ao} and d(G, V) ^ 0, and we denote = S\ a, ?° \ ) ■ Moreover 

we also assume: 
(A8) There exists 5i > and Lq > such that 

\\G{ai) - G'(a2)|| > LcWai - 02! |, for all ai, 02 G 85-^(00), 

(A9) For 6 > sufficiently small there exists Ms C [0, T] Lebesgue measurable 
with mes{Ms) = o{6)/6 such that 

I \g{t, zi + C, - git, 0) - git, Z2 + C,e)+ git, z^, 0) 1 1 < oib)lb\W - ^2! | , 

for all t G [0, T] \ Ms and for all Zi, Z2 G Bsizo), e G [0, S\ and ( G BsiO). 

Then the following conclusion holds. 

(C9) There exists ^2 > such that for any e G (0,£i], ip^ is the only T-periodic 
solution of (14.191) with initial condition in Bs^izo). Moreover (feiO) —>■ Zq 
as £ ^ 0. 

To prove the theorem we need three prehminary lemmas that are interesting by 
themselves. For example, in Lemma [3] we prove the existence of the derivative 
(in £ = 0) with respect to some parameter denoted e of the solution of some 
initial value problem without assuming that the system is C^. We also study the 
properties of this derivative. 

Lemma 2. Let f G C2(M",M") and K^, K2 be compact subsets o/M". Then the 
following inequality holds for all x^, X2 G Ki, yi, y2 G K2 and e G [0, 1]. 

(4.22) \\fXxl+ey{)-fixl)-fixl+ey2) + fixl)\\ < 0(e)||x?-x°||+0(£)||yi-y2|| • 

In addition for m > sufficiently small and Ui, U2, f 1, V2 G -Bm(O) C M" we have 

11/ (x? + vi+ eyi + eui) - / (x? + v,) - £/'(x?)yO- 
/ (xo + V2 + eyl + eu2) + / (x^ + V2) + ef'ixDylW < 

(4-23) [0(5) + eOim)] Hx? - + OiE)\\vi ~ V2\\ + 

[oie) + eOim)] | |yO _ ^0| | _^ o(^) 1 _ 1 1 _ 

Proof. We define $(x°, ?/,£:) = /(x° + ey) - /(x°) for all x° G coi^i, y G coi^2 
and e G [0, 1]. Relation fl4.22p follows from the mean value inequality applied to 
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$j with i E l,n and the following estimations. 

= (f,y(x' + ey)-if,nx')=0{e) and 

^(a;°,y,e) = e{f,nx' + ey) = 0{e). 

In order to prove relation fl4.23p we define 

V, 1/°, u, e) = + v + ey^ + eu) - f{x^ + v)- ef\x^)y^ , 

for all a;° G coi^'i, G C0K2, u,v E -Bm(O) and £ G [0, 1]. We apply again the mean 
value inequality to the components i G l,n, using the following estimations. 

^%{x', V, y', u, e) = if.nx' + v + ey' + eu) - {U)\x' + v) ~ 6{0'{xV 



dx^ 

= o{e)+e{0'ix^ + v)u 



+ e 



(f,)"(x' + v)-i0'{x') 



= o{e) + eO{m) + eo{m)/m = o{e) + eO{m), 
V, y'>, u, e) = {U)\x' + v + ey' + eu) - + v) = 0(e), 

V, y', u, e) = e{f,nx' + v + ey' + eu) - e{U)'{x') 

= e{0{x' + + + eu) - e{0{x' + v) 
+ eif,)'ix' + v)-eif,)'ix') 
= o{e) + eO{m), 

V, u, e) = + v + ey'> + eu) = 0{e) . 



□ 



Lemma 3. We consider f G C^(R x M",R") and g G C°(M x M" x [0, 1],M") a 
locally uniformly Lip schitz function with respect to the second variable. For z G M" 
and e G [0, 1], we denote by x{-,z,e) the unique solution of 

X = f{t,x) + eg{t,x,e) , x{0) = z, 

and by y(t,z,e) = [x(t,z,e) — x{t, z,0)] /e {here £ 7^ ). We assume that for a 
given T > there exist a compact set K C M" with nonempty interior and 5 > 
such that x{t, z, e) is well-defined for all t G [0, T], z E K and e G [0, 6]. Then the 
following statements hold. 

(CIO) There exists y{t,z,0) = \imy{t, z,e) being the solution of the initial value 
problem 

ijit) = DJ{t, x{t, z, 0))y + git, x{t, z, 0), 0) , y{0) = 0. 
The above limit holds uniformly with respect to {t,z) G [0,T] x K. 



LIPSCHITZ GENERALIZATION OF MALKIN-LOUD RESULT 



15 



(Cll) The functions x,y : [0,T] x K x [0,6] M" are continuous and uniformly 
Lipschitz with respect to their second variable. 

(C12) In addition if there exists zq G int{K) such that assumption (A9) of Theo- 
rem IE holds with the same small 6 > as above, then 

I \y{t, zi + (,e)- y{t, zi, 0) - y{t, z^ + y{t. ^2, 0) 1 1 < o((5)/5| j^i -z^\\, 

for allte [0,T], zi,Z2 G ^^(^o), e e [0,5] and ( e Bs{0). 

Proof. (CIO) We define f{t,z,e) = /('^^ ^(M, g)) - /(t, 0)) ^ _^ q 

x{t, z, e) — x{t, z, 0) 

f{t,z,0) = Dxf(t,x(t,z,0)). In this way we obtain the continuous function / : 
[0, T] X K X [0, S] M". For e ^ 0, using the definitions of x{t, z, e) and y{t, z, e) 
we deduce immediately that y{0,z,e) = and also that 

(4.24) y{t, z, e) = f{t, x{t, z, e))y{t, z, e) + g{t, x{t, z, e),e). 

Passing to the limit as e — > 0, we obtain that y{-,z,0) is the solution of the 
given initial value problem. Hence (14.241) holds also for e = 0. Since the right 
hand side of (14.241) is given by a continuous function, we have that the limit 
y(t, z, 0) = \imy(t, z, e) holds uniformly with respect to (t, z) G [0, T] x K. 

(Cll) The facts that the functions x,y : [0, T] x i^' x [0, 5] —>■ are continuous, 
and that x is Lipschitz with respect to its second variable can be obtained as a 
corollary of the general theorem on the dependence of the solutions of an ordinary 
differential equation on the parameters (see [21 Lemma 8.2]). 

It remains to prove that y : [0,T] x K x [0, 6] is uniformly Lipschitz with 

respect to its second variable. 

There exist compact subsets Ki and K2 of M" such that x{t,z,e) G Ki and 
y{t, z, e) G K2 for all (t, z, e) e[0,T]x K x [0, 6]. 

Moreover the representation x{s,z,e) = x{s,z,0) + ey{s, z,e) allows to use 
Lemma [21 relation (14.221) with x^ = x{s,zi,0), X2 = x{s,Z2,0), yi = y{s,zi,e), 
y-z = y{.s, Z2, e) in order to obtain 

||/(t, x{t, z^, e)) - fit, x{t, z^, 0)) - /(t, x{t, Z2, e)) + fit, x(t, Z2, 0)) || < 
Oie)\\xit, z^, 0) - xit, Z2, 0)11 + Oie)\\yit, z^, e) - yit, Z2, e)\\, 

for all t E [0,T], z E K and e G [0,5]. This last inequality and the fact that g is 
locally uniformly Lipschitz, used together with the representation 

1 * * 
yit, z,e) = - [fis, xis, z, e)) - /(s, a;(s, z, 0))] ds + j gis, x(s, z, e),e)ds. 



e 
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imply that 

t 

\\y{t,zi,e) -y{t,Z2,e)\\ < 0{5) /S J \\y{s, z^, e) - y{s, Z2, e)\\ ds 



t 

+0{5)/6 J \\x{s,zi,£) - x{s,Z2,e)\\ ds, 


for all t e [0,T], zi,Z2 e K and e G [0, 6]. 

We use now the fact that the function x{t,z,e) is Lipschitz with respect to z and 
we deduce 

t 

\\y{t, zi, e) - y{t, Z2, e) || < 0{5)/S \\zi - Z2\\+ 0{5)/5 J \\y{s, zi, e) - y{s, Z2, e) \\ ds. 



Applying Gronwall lemma (see fl2[ Lemma 6.2] or [TOj Ch. 2, Lemma § 11]) we 
finally have for all t G [0,T], zi,Z2 E K, e & [0,S], \\y(t,zi,e) — y(t, Z2,e)\\ < 
0{6)/6\\z,-Z2\\. 

(C12) First we note that assumption (A9) of Theorem 2 and the fact that g 
is locally uniformly Lipschitz with respect to the second variable assure that the 
following relation holds 

I \g{t, zi + Ci,e)- g{t, zi, 0) - g{t, Z2 + C2, e) + g{t, Z2, 0) 1 1 < 
<o{6)/6\\z^-Z2\\ + 0{6)/6\\C^-C2\\, 

for all t G [0, T]\Ms, zi,Z2 G Bs{zo), e G [0, 6] and Ci, C2 e Bs{0). We introduce the 
notations f(t, C) = z + C, 0) 0), Cis,z,C,£) = v{s, z,C) + £yis, z + C,e) 
and u(t, z, (, e) = y{t, z + C,e) — y(t, z, 0). Since the function ■, 0) is C^, v is 
Lipschitz with respect to z on [0,T] x K x Bs{0) with some constant o{6)/6, we 
have 

u{t, z, C, e) = y{t, z + C,e)- y{t, z, 0) 
1 ft 

= - / [f{s, x{s, z + C, e)) - f{s, x{s, z + C, 0)) - eD^f{s, x{s, z, 0))y{s, z, 0)] ds 
e Jo 

+ I [g{.s, z + C,e),e)- g{s, x{s, z, 0), 0)] ds. 
Jo 

Our aim is to estimate a Lipschitz constant with respect to z of the function u on 
[0,r] X Bs{zo) X Bs{0) X [0,6]. We will apply Lemma El relation fOSjl . the fact 
that g is locally uniformly Lipschitz, and using the following decompositions and 
estimations that hold for {s,zX,b) G [0,T] x Bs{zo) x Bs{0) x [0,6], 

x{s,z + C,£) = x{s,z,0)+v{s,z,C) + ey{s,z,0)+eu{s,z,C,£), 
x{s,z + C,0) = x{s,z,0) +v{s,z,C), 
x{s,z + C,e) = x{s,z,0) + Cis,z,C,e), 

I \v{t, z, C) 1 1 < o{6)/6, I \u{t, z, C, e) \ \ < o{6)/6, {{({s, z, (, e) \ \ < 60{6)/6, 



(4.25) 
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we obtain 

\Ht,ziX,£) -u{t,Z2X,£)\ \ < 

- f [o{e) + eo{6)/6] \ \x{s, zi,0) - x{s, ^2, 0) 1 1 + 0(e) | \v{s, z-,, () - v{s, Z2, C) 1 1 + 
e Jo 

[o{e) + eo{S)/S] \ \y{s, zi, 0) - y{s, Z2, 0)\\ + O{e)\ \u{s, zi, (, e) - u{s, Z2, C,e)\\ds + 
[ 0(5) /5\ \x{s, zi,0)- x{s, Z2,0)\\ + 0{5)/5\\as, z,, C, e) - C(s, ^2, C, £) I + 
o{5)/5\\zi-Z2\\. 

Now we use that some Lipschitz constants with respect to z for the functions x 
and y on [0, T] x Bs{zq) x [0,5] are 0{5)/S, while for the functions v on [0,r] x 
Bs{zo) X [0,5] and ( on [0,T] x Bs{zo) x .65(0) x [0,5] are o{5)/5, and finally we 
obtain that 

\\u(t,Zi,C,£) -u{t,Z2,C,^)\\ < 

o(5)/5\\zi- Z2\\+0(5)/5 / \\u(t,zi,C,£) - u(t,Z2,C,^)\\ds . 

Jo 

The conclusion follows after applying the Gronwall inequality. 

□ 

Lemma 4. We consider the function Y acting from R" into the space ofnxn 
matrices, the function P : ^ and z^ e R" such that P{z^) — 0. We 
denote P : R" ^ R" the^C^ function given by P{z) = Y{z)P{z) for all z e R". 
Then DP{z^) = Y{z^-.)DP{z^,) , P is twice dijjerentiable in z* and, for each i & l,n, 
the Hessian matrix HPi{z^) is symmetric. 

( dY ~ dY ~ \ 

Proof. We have DP{z) = —{z)P{z), —{z)P{z) + Y{z)DP{z) for all 

\ dZi OZn J 

z e R". From this it follows the formula for DP[z^) since P{z^) = 0. 

In order to prove that P is twice differentiable in z^, taking into account the 

dY 

above expression of DP, it is enough to prove that for each i E l,n, z ^ -——(z)P(z) 

dzi 

and z H- > Y{z)DP{z) are differentiable in z^. The last map is C^, hence it remains 
to prove the differentiability only for the first one. We fix i e l,n. Prom the 
relation 

dY ~ dY ~ 

— {z, + h)P{z, + h)- —{z,)P{z,) = 

d^ /- ~ \ dY 

— {z^ + h) (P{z^ + h)- P{z^)) = —{z^ + h)DP{z^) + o{h), 
dZi ^ ' dZi 

dY 

we deduce that z 1— >• -——(z)P(z) is differentiable in z^ and that 
dzi 

( dY ~\ dY 
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In order to prove that the Hessian matrix HPi{z^) is symmetric, for every j, k G 
{1, ra} we must prove that 

a2 p, a2 p 

dzjdzk * dzkdzj 

We denote by Y.i{z) the i-th row of the n x n matrix Y{z). For all z G M" we have 



dzj dzj dzj 



Then 



d'Pi , . dY dP , d'P , .dY, dP 

^[z*)^[z*) + Yi[z^)———[z^) + ^[z^)t—[z* 



OZjOZk OZk OZj OZjOZk OZj OZk 

Since P is it is easy to check the symmetry of this last relation with respect to 
{j,k). □ 

Proof of Theorem [2], We need to study the zeros of the function z t— > x(T, z^ e) — 
z , or equivalently of 

F{z,e) = Y~\T,z){x(T,z,e)-z). 

The function F is well defined at least for any z in some small neighborhood of Z 
and any e > sufficiently small. We will apply Theorem 1. We denote 

P{z) = Y-\T, z) (x(T, z, 0) - z) , Q(z, e) = Y'^T, z)y{T, z, e), 

where y(t,z,e) = [x(t,z,e) — x(t, z,0)]/e, like in Lemma [31 Hence F{z,e) = 
P{z)+eQ{z,e). 

The fact that / is assures that the function z ^ x{T, z, 0) is also (see [Ml 
Ch. 4, § 24]). Since (see [lO, Ch. HI, Lemma § 12]) {Y-\-,z)y is a fundamental 
matrix solution of the system 

u = -iDJ{t,x{t,z,0),0)yti, 

and / is C^, we have that the matrix function (t, z) h-> {Y^^{t, z))* is C^. Therefore 
the matrix function {t^z) ^ Y~^{t,z), and consequently also the function P are 
C\ 

By Lemma [3l we now conclude that Q is continuous, locally uniformly Lipschitz 
with respect to z, and 

rT 

(4.26) Q(z,0)= Y-\s,z)g{s,x{s,z,0),0)ds. 

Jo 

Since, by our hypothesis (A6), x{-,z,0) is T-periodic for all 2; G 2 we have that 
x{T, z,0) — z = for all z & Z, and consequently P (z) =0 for all z E Z. This 
means that hypothesis (Al) of Theorem 1 holds. Moreover applying Lemma HI we 
have that 

DP{z) = Y-\T, z) f |^(T, 0) - 4xn] for any z G Z, 
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and P satisfies hypothesis (A3) of Theorem [H But {dx/dz) (-,2;, 0) is the normal- 
ized fundamental matrix of the linearized system fl4.2ip (see [T71 Theorem 2.1]). 
Therefore (dx/dz) {t,z,0) = Y{t, z)Y-\0, z), and we can write 

(4.27) DP{z) =Y-\0,z) -Y-\T,z) for any 2 G Z. 

Using our hypothesis (A7) we see that also assumption (A2) of Theorem [1] is 
satisfied. From the definition of G and relation fl4.26p we have that 

That is, the function denoted in Theorem [1] by Q is here G, and it satisfies the hy- 
potheses of Theorem[TJ Moreover, note that when G satisfies (A8) then assumption 
(A4) of Theorem [1] is fulfilled. 

(C7) Follows from (CI) of Theorem [TJ 

(C8) Follows from (C2) of Theorem [H 

(C9) In order to prove the uniqueness of the T-periodic solution, it remains only 
to check (A5) of Theorem [H For doing this we show that the function {z,(,£) ^ 
Bs{zq) X Bs{0) X [0,6] (-^ Q{z + (,e) — Q{z,0) is Lipschitz with respect to z with 
some constant o{6)/6. We write 

Q{z + C,e)-Q{z,0) = Y-\T,z + O[y{T,z + (,e)-y{T,z,0)] + 

Y-\T,z + O-Y-\T,z)]y{T,z,0). 

It is known that for proving that a sum of two functions is Lipschitz with some 
constant o{6)/6, it is enough to prove that each function is Lipschitz with such 
constant; while in order to prove that a product of two functions is Lipschitz with 
some constant o{5)/6, it is sufficient to prove that both functions are Lipschitz and 
only one of them is bounded by some constant o{6)/6 and Lipschitz with respect 
to z with some constant o{6)/6. 

By LemmaOwe know that the function z G Bs{zq) y{T, z, 0) is Lipschitz. The 
fact that z ^ Y-\T, z) is assures that (z, C) G ^^(^o) x 5^(0) ^ Y-^{T,z + C) 
is Lipschitz with respect to z. 

From Lemma [3] we have that the function 

{z, C, e) e Bsizo) X BsiO) x [0, 5] ^ y{T, z + C,s)- y{T, z, 0) 

is bounded by some constant o{6)/6 and Lipschitz with some constant o{6)/6. 
Since z 1— *■ Y~^{T, z) is C^, the same is true for the function 

{z, C) e Bsizo) X Bs{0) ^ [y-\T, z + O- Y~\T, z 

Hence Q satisfies (A5) of Theorem [T] and the conclusion holds. 

□ 
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By using Theorem [2] we can provide now a result which includes both the 
existence- uniqueness results by Malkin |2Tj and by Melnikov [?]. The main con- 
tribution of our result is that we do not impose any assumptions on the algebraic 
multiplicity of the multiplier -f-l of (II ■21) . Also, the condition imposed on the func- 
tion z 2;, e) is weaker than the condition used by Malkin and Melnikov. 
In particular our Theorem [3] covers the class of piecewise different iable systems. 

Theorem 3. Assume that f G ^^(R x M",R") and g G C°(M x M" x [0,1], M") 
are T -periodic in the first variable, and that g is locally uniformly Lipschitz with 
respect to the second variable. Assume that the unperturbed system fl4.20l) satisfies 
the following conditions. 

(AlO) There exists an open ball t/ C with k < n and a function ^ G C^(?7, M") 
such that for any h & U the nx k matrix D^{h) has rank k and ^{h) is the 
initial condition of a T -periodic solution of (14.201) . 

(All) For each h E U the linear system (14.211) with z = ^{h) has the Floquet 
multiplier +1 with the geometric multiplicity equal to k. 

Let Ui{- , h) , . . . , Uk{-, h) be linearly independent T -periodic solutions of the adjoint 
linear system 

(4.28) u = -{DJ{t,x{t,i{h),m*u, 

such that ui{0, h), . . . , Uk{0, h) are with respect to h *** and define the function 
M : f/ — s> M'^ ( called the Malkin's bifurcation function ) by 

( (Mi(s,/i),(?(s,x(s,e(/i),0),0)) 



M{h) 



ds. 



V (Mfc(s,/i),^(s,a;(s,^(/i),0),0)) 
Then the following statements hold. 

(C13) For any sequences (v5m)m>i from C°(R, M") and {em)m>i from [0,1] such 
that V5m(0) — > ^(/io) £ i{U), Em ^ as m ^ 00 and ipm is a T-periodic 
solution of (14.191) with e = Em, we have that M(/io) = 0. 

(C14) // M{h) ^ for any h e dU and d{M, U) 7^ 0, then there exists ei > 
sufficiently small such that for each e G (0, 5i] there is at least one T- 
periodic solution (p^ of system (14.191) such that p{^Ps{0),C,{U)) ^ as e 0. 

In addition we assume that there exists Hq eU such that M{hQ) = 0, M{h) 7^ 
for all h E U \ {ho} and d{M, U) 7^ 0. Moreover we assume that hypothesis (A9) 
of TheoremlE holds with zq = .^(/iq) and that 
(A12) There exists > and Lm > such that 

\\M{hi) - M{h2)\\ > LM\\hi - h2\l for all h^^h^ E Bs,{ho). 

Then the following conclusion holds. 

(C15) There exists ^2 > such that for any e E (0,£:i], ip^ is the only T-periodic 
solution of (14.191) with initial condition in Bs^{zo). Moreover Lp^{0) C,{ho) 
as £ — >• 0. 
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***Remark. The existence of k linearly independent T -periodic solutions of the 
adjoint linear system fl4.28p follows by hypothesis (AlO) (see e.g. (TUl Ch. Ill, § 23, 
Theorem 2]). Indeed, we have that yi{t, h) = Dzx{t,C,{h), 0)DhX{h) for z G 1, are 
solutions of fl4.2ip and they are linearly independent on the base of (AlO). The 
assertion follows by the fact that a linear system and its adjoint have the same 
number of linearly independent solutions. Moreover, hypothesis (All) assures that 
there is no other T -periodic solution to fl4.2ip linearly independent of these. *** 

***Proof. We apply Theorem O For the moment we describe the set Z that 
appear in hypothesis (A6) as 2 = U {^(/i)}- First we find the matrix S such 

that hypothesis (A7) holds. In order to achieve this, for each z & Z we denote 
U{t, z) some fundamental matrix solution of (14.280 that has in its first k columns 
the T-periodic solutions Mi, . . . ,Uk and such that U{0,z) is C^. Then the first k 
columns of the matrix f/(0, z) — U{T, z) are null vectors. The matrix Y{t, z) such 
that Y~^{t,z) = [U{t,z)]* is a fundamental matrix solution of (14.210 . i.e. of the 
system {z = ^{h) G Z) 



Then the first k lines of the matrix Y{0, z)~^ — Y{T, z)~^ are null vectors. Since 
the Floquet multiplier 1 of (I4.2ip has geometric multiplicity k we have that the 
matrix Y~^{0, z) — Y~'^(T, z) has range n — k. Hence this matrix has n — k linearly 
independent columns. We claim that there exists an invertible matrix S such that 
the matrix (y~^(0, z) — y~^(T, z)) S has in the first k lines null vectors and in the 
lower right corner some (n — A;) x (n — k) invertible matrix ^{z). With this we 
prove that (A7) holds. In order to justify the claim we note first that whatever the 
matrix S would be, the first k lines of (y^^(0, z) — y^^(T, z)) S are null vectors. 
Now we choose an invertible matrix S such that its last {n — k) columns are vectors 
of the form 



distributed in such a way that the n — k linearly independent columns of y^^(0, z) — 
y~^(T, z) become the last n — k columns of (^""'^(0, z) — Y~^{T, z)) S. Now it is 
easy to see that the (n — /c) x (n — k) matrix from the lower right corner of 
(^-1(0, z) - Y-\T, z)) S is invertible. 

Now we come back to prove (A6). By taking the derivative with respect to h E U 
of x(t, ^(/i)) = fit, x(t,C^{h))) we obtain that D^x{-,C,{h)) ■ DC^{h) is a matrix solu- 
tion for (14.290 . But x{-,C,{h)) is T-periodic for any h E U, therefore D^x{-,^{h)) ■ 
DC,{h) is T-periodic. This fact assures that each column of D^{h) is the initial 
condition of some T-periodic solution of (I4.29P and these T periodic solutions are 
the columns oiY{t, {{h))Y~\<d, ^{h))D^{h). Then F(T, ^{h))Y-\0, ^{h))D^{h) = 
D^{h), that further gives [^-^0, ^{h)) - Y-\T, ^{h))] SS-^D^{h) = 0. Hence the 
columns of S~^D^{h) belong to the kernel of [^"^(0, CW) - Y-\T, ^{h))] S. Since 



(4.29) 



y = DJ{t,x{t,ah),0))y. 
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(A7) holds we have that the kernel of [y~^(0, C,{h)) — Y"^{T, ^{h))] S contains vec- 
tors whose last n — k components are null. We deduce that there exists some k x k 
matrix, denoted by \E', such that 

(4.30) S-'Dah)=(^ ]. 

Since by the assumption (AlO) the matrix DC,{h) has rank k and 5*"^ is invertible, 
we have that the matrix S^^DC,{h) should also have rank k, that is only possible if 

(4.31) det^ ^ 0. 

We fix some E U and we denote = 7rS'^^^(/i*). Using fl4.30p and (14.311) . and 
applying the Implicit Function Theorem we have that there exists an open ball, 
neighborhood of a^,, denoted V C M.^, and a function h : V ^ U such that 

(4.32) nS-^^(h{a)) = a for any a G F. 

Now we define the function /3o : F R""'^ as Po{a) = 7i^S-^^(h{a)). Note 

that si \ I = i(h{a)). Hence the assumption (A6) of Theorem [2] is satisfied 

with 5, V and /3o defined as above. 

The bifurcation function G defined in Theorem [2] can be written using our no- 
tations as 

T 

G{a)=nJ Y-\s,ah{(^)))g{s,x{s,ah{(^)),0))ds. 



Since Y~^{s,^{h)) = [U(t, h)]* (see the beginning of the proof) we have that in the 
first k lines of Y~^{s,C^{h)) are the vectors {ui{s,h))*, ... , («„(«, /i))* and so 



G{a) 



I (Mi(s,/i(a)), (7(s,x(s,e(M«)),0),0)) \ 



y ^Mfc(s, /i(a)), 5((s,x(s,^(/i(a)),0),0)) ) 



ds. 



Prom here one can see that there is the following relation between G and the 
Malkin bifurcation function M, 

(4.33) G{a) = M {h{a)) for any a eV. 

*** 

(C13) Follows from (C7) of Theorem 2. 

(C14) Without loss of generality (we can diminish U, if necessary) we can con- 
sider that /i is a homeomorphism from V onto U and taking into account that C 
is an invertible matrix by [TSl Theorem 26.4] we have 

deg(G,\/) =deg(M,f/). 

Thus (C14) follows applying conclusion (C8) of Theorem [2J 
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(C15) We need only to prove assumption (A8) of Theorem [2] provided that our 
hypothesis (A12) holds. First, taking the derivative of fl4.32l) with respect to a and 
using (14.301) . we obtain that Dh[oL^ = hence it is invertible and, moreover, 
Lh = ||-D/i(a*)||/2 7^ 0. We have that there exists 6 > sufficiently small such that 
\\Dh{a) — Dh{a^:)\\ < Lh for all a G Bs{a^:). Using the generalized Mean Value 
Theorem (see |9l Proposition 2.6.5]), we have that 

||/i(ai) — /i(a;2)|| > — a2|| for all ai, ^2 ^ Bs{ao). 

Since C is invertible, M satisfies (AlO) and (14.331) . we deduce that G satisfies 
hypothesis (A8) of Theorem 2. 

□ 



5. An EXAMPLE 

In this section we illustrate Theorem [3] by studying the existence of 27r-periodic 
solutions for the following four-dimensional nonsmooth system 

Xi = X2 - Xi{xl + xl ~ 1), 

2^^^ X2 = -xi - X2{xl + xj - 1) + e {sint + ip{kiX3)) , 

X3 = — x^i^x^ ~\~ x^ — 1), 

Xa = -X3 - x^ixl + xl - 1) + eip{k2X2), 

when £ > is sufficiently small, ki and /c2 are arbitrary reals and (/9 : M — >■ M is the 
piecewise linear function 

{—1, for X G (—00, —1), 
X, for X G [—1, 1], 
1, for X G (1, 00). 

Before proceeding to this study we write down a sufficient condition in order 
that the function g satisfies (A9). This is of general interest, not only for this 
example. It was also used in |6j. 

(A13) For any 6 > sufficiently small there exists Ms C [0,T] Lebesgue measur- 
able with mes{Ms) = o{6)/S and such that for every t G [0, T] \ Mg and for 
ei\lzeBs{zo),ee [0,6] , \\D,g{t, z,e) - D,g{t, zo,0)\ \ <o{6)/6. 

The fact that (A13) implies (A9) follows from the Mean Value Theorem. 

Coming back to system (I5.34p we define (7 : M x — as g(t, zi, Z2, z^, Z4) = 
(0, sint + ip^kiZs), 0, (p{k2Z2))- This function is uniformly locally Lipschitz and 
satisfies (A13) (hence also (A9)) for any zq = {zi, Z2, z^, z^) with \k2Z2\ 7^ 1 and 
\k^zl\ ^ 1. 

We study now the unperturbed system. For e = system fl5.34l) becomes 

Xi = X2 — X\(^X^ ~\~ X2 — 1)7 X2 — — ^1 — ^2(*^i ~l~ '^2 — '^)' 
X3 = X4 — X3(X3 + X4 — 1), 0:4 = — X3 — ^4(^3 + X4 — 1), 
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and it has a family of 27r-periodic orbits, whose initial conditions are given by 

^{9, 7]) = (sin 6', cos 6', sini], cosr/), (9, rj) E M^. 

We have x{t, ^{9, 0) = (sin(t + 9), cos(t + 9), sm{t + r]), cos(t + r])) . 

It is easy to see that the function ^ : ^ M'^ satisfies assumption (AlO) of 
Theorem [3l We consider now the linearized system, 

(5.35) y = DJ{t,x{t,ae,v),0))y, 

where /(xi, X2, x^, X4) = (x2 — Xi{xl + — 1), —Xi — X2{xl + — 1), 0:4 — X3(x| + 



X4 — 1), — X3 — X4(x3 + x| — 1)), and the following 27r-periodic matrix 



$(t,(^,r/)) 



f - cos(t + 9) sin(t + 9) 
sm{t + 9) cos(t + ^) 

— cos(t + 1]) sin(t + 1]) 
\ sin(t + 77) - cos(t + r]) J 



Denoting ^{t,{9,r])) = $(t, (^,77))$ ^{0,{9,r])), it can be checked that the nor- 
malized fundamental matrix of system (15.351) is 



Y{t,a9,r])) = ^t,{9,r])) 



'2x2 







2x2 



02x2 e ^*/2x2 



and that it satisfies the hypothesis (All) of Theorem [31 

A couple of linearly independent 27r-periodic solutions of the adjoint system to 
system (I5.35P is 

ui{t) = {-cos{t + 9), sm{t + 9), 0, 0)^, 
U2{t) = (0, 0, -cos(t + r/), sm{t + ri)f. 
Therefore the Malkin's bifurcation function M{9, rf) takes the form 



/ 2-K 



M{9,r]) 



We denote 



Mi{9,r]) 
M2{9,r]) 



m 

J{k)- 



J sin(s + 9) [sin s + (p{ki sin(s + rj))] ds 



\ 



2tt 



J sin(s + ri)(p {k2 cos(s + 9)) ds 



sint (f{k sin t)dt, ii = I{ki), 
cost ip{k cost) dt, j2 = J{k2). 



Then 



Mi{9,ri) = TT cos 9 + ii cos{9 — T]) , 
M2{9,r]) = -j2sm{9-r]). 

It is easy to see that the function M is different iable and that the determinant of 
its Jacobian at each point {9, 77) is 

det {DM {9, 7])) = -TTj2sm9cos{9 -7]). 
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Studying the zeros of the function M, we obtain the following results. 

If j2 7^ and |ii| < it, M has exactly 4 zeros, namely 

(ai,7r + ai), (7r + ai,ai), (vr — Oi, vr — Oi), {2tt — ai,2n — ai), 

and all have nonvanishing index (here ai = arccos(zi/7r)). 

If j2 = 0, we have that M2 = 0, hence the zeros are not isolated. 
If j2 7^ and |ii| = tt, M has exactly 2 zeros, namely 

(ai,7r + ai), (vr - ai, vr - ai), 

and both have index (note that ai is or vr). 
If j2 7^ and > vr, M has no zeros. 

In order to complete the study, we calculate 

'(^) = '^(^) = |2fcarcsini + 2^, A:>1. 

We note that / and J are odd functions. For k > 1, I'{k) = arcsin ^ — ^-y/l — -p- > 

I - ly'l - ^ > 0. Then /(A;) > /(I) = tt for all A; > 1. In fact |/(A;)| > vr if and 
only if \k\ > 1. Also \I{k)\ < vr if and only if \k\ < 1, \I{k)\ = vr if and only if 
\k\ = 1, and J{k) = if and only if = 0. 

One can see that when /c2 7^ and \ki\ < 1 the bifurcation function M has 
exactly four zeros. The values of the function C, on these zeros are of the form 
(isinai, ibcosai, ±sinai, icosoi) where ai = arccos/ci. 

Using all these facts and applying Theorem [3l we obtain the following result 
concerning the existence of 27r-solutions of system (15.341) when k2 ^ 0. 

Proposition 1. Let k2 ^ and e > be sufficiently small. 

If \ki\ > 1 system (15.341) has no 271 -periodic solutions with initial conditions 
converging to some point 0/^ (M x M) as e ^ 0. 

If \ki\ < 1 system (15.341) has at least four 2tt -periodic solutions with initial 
conditions converging to exactly four points of ^ (RxR) ass ^ 0. If\k,k2\ ^ 1 
then the obtained 27T-periodic solutions are isolated. 

For ^2 = the behavior of system (I5.34p is the same as of the uncoupled system 
whose last two equations remain the same and the first two change to 

, , Xi = X2 Xii^Xi -\~ X2 1), 

^ ' ^ ±2 = — xi — X2(a;^ + X2 — 1) + £ (sint + (/)(A;i sin(t + 77))) . 

In the following we study the existence of 27r-periodic solutions of the above planar 
system. We consider only the case that {k\,ri) G M x M\{(1, vr), (—1, 0)}, otherwise 
the perturbation term is identically zero. Note also that the perturbation term 
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does not depend on the space variable. System (15.361) with e = has a family of 
27r-periodic orbits whose initial conditions are given by 

^(^) = (sin^,cos0), eeR. 

For each fixed t] the Malkin's bifurcation function is 

M'^ie) = 7rcose + ZiCOs(^-r/), 

and it can be easily seen that it has exactly 2 zeros, and both have nonvanishing 
index. If ki = or rj & {0,7r}, the zeros of are 7r/2 and 37r/2. Otherwise the 

7T -\- li COS ?y 

zeros are n — 6* and 271 — 6*, where 6* = arctan . 

ii sin T] 

Hence applying Theorem [3] we obtain the result. 

Proposition 2. Let {ki,r]) e M x M \ {(1, tt), (— 1, 0)} and e > be sufficiently 
small. Then system (15.361) has two isolated 27i -periodic solutions with initial con- 
ditions converging to exactly two points of (M) as e — > 0. 
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